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The Doplicher, Fredenhagen and Roberts (DFR) noncommutative (NC) formalism was proposed
in a curved space-time. In DFR approach, the NC parameters are promoted to a set of space-
time coordinates. Consequently, the field theory defined on this space contains extra dimensions.
We propose a metric containing the new coordinates to explain the length measurements of this
extended space. We promote the Minkowski part of this extended metric to a metric defined in a
curved manifold. Thus, we can build up a NC gravitation model with extra-dimensions. Based on
the curved metric, we propose an Einstein-Hilbert action to describe the NC general relativity model
on the DFR space. It is a new result in the literature since there is not a general relativity formalism
in DFR approach. We also introduce the NC version of the general relativistic field equations. As
an application of the formalism, the weak field approximation is considered in the field equations to
generate the wave equations for the graviton propagation in DFR space.
PACS numbers: 11.15.-q; 11.10.Ef; 11.10.Nx
Keywords: Noncommutative DFR space-time, Noncommutative Gravitation, Gravitation model with extra-
dimensions.
I. INTRODUCTION
The need to control both the ultraviolet and infrared
(UV/IR) divergences that eventually emerge in several
calculations in QFT, have motivated theoretical physi-
cists to suggest the modification of the structure of the
standard space-time. One of the possible solutions was to
promote the continuum space-time of QFT to a discrete,
and consequently compact, space-time with a noncom-
mutative (NC) algebra of coordinates. In this formalism,
the space-time coordinates xµ =
(
x0 = ct , x1 , x2 , x3
)
are promoted to operators Xˆµ =
(
Xˆ0 , Xˆ1 , Xˆ2 , Xˆ3
)
.
They satisfy non-trivial commutation relations in which
the result is an antisymmetric constant matrix, called
θµν , that play a fundamental roˆle in the theory and its
dimension dwells at Planck scale, which classifies it as
a semi-classical quantity, at least. Thereby, we have a
kind of fuzzy space-time where the position coordinates
uncertainty can introduce a fundamental length scale in
the theory. The space-time defined with these coordi-
nates is also called NC space-time. The paper by H. S.
Snyder was the first published work that considered the
space-time as a NC one [1]. Shortly after, C. N. Yang [2]
corrected and enlarged the invariance group of Snyder’s
model. After that, this NC formalism was not discussed
for years.
After the interesting result that the algebra obtained
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from string theory embedded in a magnetic field back-
ground brought a NC algebra, the noncommutativity
(NCY) concept of space-time was rekindle [3]. One of
the ways, the most popular at least, of introducing NCY
is through the Moyal-Weyl (MW) product where the NC
parameter, θµν , is an antisymmetric constant matrix,
similar to Snyder’s formalism parameter. However, for
calculations at higher orders in the perturbative series,
the MW product turns out to be highly nonlocal, and
it compels us to work with low orders in θµν parameter.
Besides, since the θ-parameter is a Planck scale quan-
tity, we can eliminate its higher-orders without loss of
a definite result. It can also be demonstrated that the
time-space coordinates (θ0i, space-like NCY) can cause
unitarity problems [4, 5]. Although it keeps the trans-
lational invariance, the Lorentz symmetry is broken [6].
As an example, for the hydrogen atom problem, since
a constant parameter in the algebra means a fixed axis,
it breaks the rotational symmetry of the model, and re-
moves the degeneracy of the energy levels [7]. One way
to recover the Lorentz symmetry is to use the so-called
Doplicher, Fredenhagen and Roberts (DFR) formalism
that introduced another kind of NC space-time. In this
formalism, the NC parameter is promoted to ordinary
coordinate of space-time, such that, θµν 7→ Θˆµν , where
Θˆµν keeps both the square length dimension and Planck
scale features [8, 9]. As a consequence, the DFR space-
time is extended to ten dimensions: four relative to the
Minkowski space-time and six relative to the eigenval-
ues of Θˆµν coordinates, namely, it has the same num-
ber of dimensions as SUGRA. Posteriorly, many authors
extended the DFR formalism to include a canonical mo-
2mentum associated with θµν [10–19]. Besides the Lorentz
invariance, the causality properties in this space must be
preserved [20–22]. Although the Lorentz symmetry is re-
covered in DFR, the field theories defined on this space
are unitary if we impose Θˆ0i = 0, as we said before, for
the commutators between time and spatial coordinates
[23, 24]. To sum up, we guarantee the unitarity of the
model but the Lorentz symmetry is broken. Thus, from
now on, we will be dealing with a model that preserves
just the translation symmetry. Hence, we have a NCY
associated with the spatial coordinates, the DFR space
is reduced for 4 + 3 dimensions.
One of the challenges of NC formalism and its struc-
tures is to construct a NC gravity [25–37], which means
that a Planck scale parameter will be part of a gravi-
tation structure which suggest a semi-classical, at least,
quantum-type formulation of gravity. In this letter, we
will propose a gravitation model defined on DFR space
of 4 + 3 dimensions [18, 38–41]. This gravitation model
is motivated by many extensions of gravity theories in
higher dimensions, like SUGRA [42–45]. The introduc-
tion of NC effects in gravity is also a subject that has a
massive literature [46–59]. The main motivation of DFR
formalism is to analyze gravity effects in a NC space-time.
However, a formal structure, with the general relativity
main ingredients was not provided so far.
In this paper we have proposed a Einstein-Hilbert ac-
tion in 4 + 3 dimensions and the corresponding gravi-
tational field equations in DFR framework. As a par-
ticular case, the NC gravity in four dimensions must be
contained in the equations for this extended space-time.
The commutative limit is recovered when the length scale
of the theory goes to zero, and the usual Einstein-Hilbert
action and the field equations from the general relativity
are reobtained. As an application of the formalism, by
using the linear approximation of the gravitational field,
we obtain the wave equation for the graviton on the DFR
space-time.
We have considered the following organization of the
ideas here. In section II, we provided a very brief re-
view of DFR main points. In section III, we introduce
the main ingredients of DFR general relativity structure.
In section IV, the conclusions and perspectives were de-
scribed.
II. THE NC DFR FRAMEWORK
The original DFR formalism has the coordi-
nates of the NC antisymmetric parameter θµν =(
θ01, θ02, θ03, θ12, θ13, θ23
)
acting as coordinates of this
ten dimensional space-time. The other four dimen-
sions come from the Minkowski space-time. However,
in terms of a quantum formulation, all these coor-
dinates are promoted to operators, so that we have,
Θˆµν =
(
Θˆ01, Θˆ02, Θˆ03, Θˆ12, Θˆ13, Θˆ23
)
. In this letter,
as we said before, to avoid unitarity problems, we will
consider that the time-space coordinates are zero, i.e.,
Θˆ0i = 0, which means that our NC approach is purely
spatial. This statement solves any unitarity problems
that could emerge from the corresponding effective grav-
itation theory, which is no more dimensionally analo-
gous to SUGRA. Thereby, we have a NC space-time of
D = 4 + 3 dimensions. The extended observable DFR
algebra is represented by the following commutators[
Xˆ i , Xˆj
]
= i ε ijk Θˆk ,
[
Xˆ i , Θˆj
]
= 0 ,[
Θˆi , Θˆj
]
= 0 ,
[
Xˆµ , Pˆ ν
]
= i ηµν 1ˆ ,[
Pˆµ , Pˆ ν
]
= 0 ,
[
Θˆi , Pˆ ρ
]
= 0 ,[
Pˆµ , Kˆi
]
= 0 ,
[
Θˆi , Kˆj
]
= i δij 1ˆ ,
[
Xˆ i , Kˆj
]
=
i
4
εijk Pˆ k ,
[
Xˆ0 , Θˆi
]
= 0 , (1)
where we have adopted the Minkowski metric ηµν =
diag(+−−−). By convenience of notation, we have used
the dual operators of Θˆij and Kˆij as our NC operators,
namely, Θˆij = ε ijk Θˆk and Kˆij = ε ijk Kˆk, respectively.
The Kˆi operator is the conjugated canonical momen-
tum associated with the coordinate operator Θˆi. Here
we have adopted natural units c = ~ = 1, where the
θi-coordinates has squared length dimension, and the ki
momentum has inverse of the squared length dimension.
The components of rotation and boost generators
Σˆµν =
(
Σˆ0i , Σˆij
)
in the Lorentz group are defined by
Σˆ0i = Xˆ0 Pˆ i − ξˆi Pˆ 0 ,
Σˆij = ξˆi Pˆ j − ξˆj Pˆ i − Θˆi Kˆj + Θˆj Kˆi , (2)
where ξˆi = Xˆ i+ i εijk Θˆj Pˆ k/2 is the shifted operator Xˆ i,
which characterizes the well known Bopp shift [60–64].
With the help of Eq. (1), we can construct the com-
mutation relations[
Σˆµν , Pˆ ρ
]
= i
(
ηµρ Pˆ ν − ηνρ Pˆµ ) ,[
Σˆ0i , Kˆj
]
= 0 ,[
Σˆij , Kˆk
]
= i
(
δjk Kˆi − δik Kˆj ) ,[
Σˆµν , Σˆρσ
]
= i
(
ηµσ Σˆρν − ηνσ Σˆρµ − ηµρ Σˆσν
+ ηνρ Σˆσµ
)
. (3)
Consequently, the operators Pˆµ, Σˆµν and Kˆi close the
DFR Poincare´ algebra of generators of translations, ro-
tations and Lorentz boosts. The element of the alge-
bra in Eq. (3), that commutes with all the generators(
Pˆµ , Σˆµν , Kˆi
)
is defined by the first Casimir opera-
tor. Using the Schur’s Lemma, the first Casimir operator
is proportional to the squared mass m2 of the particle:
Pˆµ Pˆ
µ − λ2 Kˆi Kˆi = m2 1ˆ. Using the coordinate rep-
resentation, the operators Pˆµ and Kˆi can be written in
3terms of the derivatives Pˆµ 7−→ i ∂µ and Kˆi 7−→ i ∂θ.
Thereby, the first Casimir operator on-shell result leads
us to the field equations of scalar and fermions fields [65].
From now on, the notation θ means the θi-coordinates
θ =
(
θ1 , θ2 , θ3
)
and ∂θ = ( ∂θ1 , ∂θ2 , ∂θ3 ) is the deriva-
tive operator relative to the coordinates
(
θ1 , θ2 , θ3
)
.
The length scale (λ) was introduced in the dispersion
relation to keep the squared mass dimension of the op-
erator KˆiKˆi. However, there is a reason to introduce
this parameter connected to the extra dimensions of the
coordinate Θˆi which we will see in a moment.
Concerning the diffeomorphism invariance, it is one of
the most underlying issues of any gravity theory. We
had recent advances in NC gravity [66], but there is still
no unique and totally adequate path to understand the
full diffeomorphism group on a NC manifold. As an al-
ternative, we can apply the Seiberg-Witten approach [3]
where all symmetries are reduced, including the diffeo-
morphisms, to the commutative ones. But we have to
redefine all the nonlinear fields. Nevertheless, the compu-
tations beyond the noncommutativity parameter leading
order are very difficult to achieve in this formalism [67–
69]. Another way to extend the diffeomorphism trans-
formations to NC spaces is to make their action twisted
[70, 71]. In this way, we can design a whole twisted-
invariant NC gravity action having just the correct num-
ber of symmetries. On the other hand, the twisted sym-
metries are not considered as real physical symmetries.
Hence, we are not allowed to use them to be free of any
degrees of freedom. In our case, we are dealing with
a seven dimensional theory where the coordinates have
area dimension, these features are even hard to deal. It
is an ongoing research that will be published elsewhere.
Since we have all the symmetries described by the alge-
bra in Eq. (3) and the dispersion relation of the particles
are well defined, we can construct the DFR action. The
action to describe an arbitrary field φ defined in the DFR
space is given by the action
S(φ) =
∫
d4x d3θW (θ)L(φ⋆, ∂µφ⋆, ∂θφ⋆) , (4)
where the volume element contains the θ-integration
measureW as a function of the three θ-coordinates. The
W function was introduced in the integration of NC field
theory to smooth the divergences of the integration in
the extra θ-space. It has two basic properties: (i) it
should be an even function of the θ-coordinates, namely,
W (− θ) = W (θ), which implies that the integration in
the θ-space is isotropic; and (ii) for large coordinates θ,
it zeroes quickly so that all θ-integrals are well defined.
Hence, a normalization condition is assumed when inte-
grated in the θ-space [10, 11, 72–74]. Following these
properties, the simplest W function has the Gaussian
form
W (θ) =
(
1
2πλ2
)3
exp
(
− θ
2
4λ4
)
. (5)
The length parameter λ can be interpreted as the NC
scale energy (ΛNC) in terms of the expected value of the
operator Θˆ2 = ΘˆiΘˆi: ΛNC = (12/〈Θˆ2〉)1/4 ≡ λ−1. In
NC quantum electrodynamics, some processes yield the
range of ΛNC & 0.1 − 1.7 TeV. The Bhabha scattering,
dilepton and diphoton production in the LEP data have
the lower bound of ΛNC & 160 GeV with 95 % C.L. [73,
75]. The light-by-light scattering yields a lower bound of
ΛNC & 0.1 TeV [76]. The theoretical limit from Lamb
shift in the hydrogen atom is ΛNC & 10 TeV [77].
An important point in the DFR scenario is that the
product between two fields as function of NC variables
keeps the usual form of the MW product. The Weyl
symbol provides a map from the operator algebra to the
functions algebra equipped with a star-product ⋆ via the
MW correspondence in which the star-product ⋆ is de-
fined by
f(x, θ) ⋆ g(x, θ) = e
i
2
θ·(∇×∇′)f(x, θ) g(x′, θ)
∣∣∣
x′=x
, (6)
for any arbitrary functions f and g of the coordinates
(xµ, θ), with ∇ and ∇′ being gradient operators in re-
lation to x and x′, respectively. In both sides of Eq.
(6) we have that f and g are NC functions since they
depend on the coordinate xµ. If f depends on ( x , θ ),
and g depends only on θ, the Moyal product between
these functions is reduced to the usual product, i.e.,
f(x, θ) ⋆ g(θ) = f(x, θ) g(θ), because θ commutes with
xµ, and with itself.
The integration measure in Eq. (4) suggests us to con-
struct a general metric that encompasses the Minkowski
space-time and the extra space associated with the θ-
coordinates. Thereby, we propose the line element of
this extended space-time into the form
ds2 = ΞAB(θ) dX
A ⋆ dXB , (7)
where the coordinates XA are redefined by XA ={
xµ , θ/(2πλ2)
}
, where µ = { 0 , 1 , 2 , 3 } and A =
{ 0 , . . . , 7 }. Note that the coordinates of θ in XA are
defined as being dimensionless due to the length scale λ.
The components of the metric ΞAB(θ) are elements of
the 7× 7 diagonal matrix [65]
ΞAB(θ) = diag
(
ηµν , e
−
θ 2
1
2λ4 , e−
θ 2
2
2λ4 , e−
θ 2
3
2λ4
)
. (8)
The inverse of the metric in Eq. (8) is defined by
ΞAB(θ) Ξ
BC(θ) = δ CA , where the delta on the right side
can be represented by the identity matrix 7×7. With this
definition, the W function can be written in terms of the
determinant of Ξ(θ) matrix d4x d3θW (θ) = d4X
√−Ξ.
The commutative limit in Eq. (8) can be obtained when
λ→ 0 through the identity
lim
λ→0
e−
θ
2
2λ4
(2πλ2)3
= δ(3) (θ) , (9)
where the θ-part in Eq. (7) is zero due to δ(3)-Dirac prop-
erty, i.e., δ(3) (θ) d3θ = 0. Thus, it is direct to check that
4the line element in Eq. (7) recovers the usual Minkowski
space-time, and the action in Eq. (4) is reduced to the
4D QFT commutative case.
III. THE DFR GRAVITATION FRAMEWORK
Following the definition of the extended metric
ΞAB(θ), we generalize the line element in Eq. (7) such
that its Minkowski part can be modified for a curved
space-time given by
ds2 = GAB(x, θ) ⋆ dX
A ⋆ dXB , (10)
where ηµν is promoted to gµν(x) and GAB(x, θ) describes
the space of a manifold attached to the extra θ space
GAB(x, θ) = diag
(
gµν(x), e
−
θ 2
1
2λ4 , e−
θ 2
2
2λ4 , e−
θ 2
3
2λ4
)
. (11)
The inverse of this metric is extended to the Moyal-
product if there exists a matrix GAB(x, θ), such that
GAB(x, θ) ⋆ G
BC(x, θ) = δ CA . (12)
Using the extension from the metric in Eq. (11), we pro-
pose the Einstein-Hilbert action in the DFR framework
such as
SEH(gµν) = − 1
κ2
∫
d4X
√
−G ⋆ R , (13)
where κ =
√
32 πGN ≃ 8.15 × 10−5m, is the coupling
constant written in terms of the gravitational constant
GN = 6.674× 10−11m2. The Ricci scalar is defined by
R = GAB(x, θ) ⋆ R
AB, in which the Ricci tensor RAB
can be written as
RAB = ∂AΓ
C
CB − ∂CΓCAB
+
1
2
(
ΓCAD ⋆ Γ
D
CB + Γ
D
CB ⋆ Γ
C
AD
)
−ΓCAB ⋆ ΓDDC , (14)
and ΓCAB is the affine connection of this space
ΓCAB =
1
2
GCD ⋆ ( ∂AGBD + ∂BGAD − ∂DGAB ) . (15)
The derivative operators with capital index in Eqs. (14)
and (15) means the derivative with relation to the XA
coordinates (variables in DFR space) defined previously,
namely, ∂A = ∂/∂X
A = ( ∂µ , λ ∂θi ). Since we have all
the tensor structure in this extended space, we propose
an Einstein’s field equation for DFR as being
RAB − 1
2
GAB(x, θ) ⋆ R = − 8πGN TAB , (16)
where TAB is the energy-momentum tensor for matter
fields (scalars, spinors, vectors and etc.) with the com-
ponents TAB =
(
Tµν , Tµθi , Tθiθj
)
. Note that Tµθi
and Tθiθj are the new components due to the extra θ-
dimension. As an example, the energy-momentum tensor
of a NC scalar field φ on the DFR space is given by
TAB =
1
2
( ∂Aφ ⋆ ∂Bφ+ ∂Bφ ⋆ ∂Aφ )−GAB(x, θ) ⋆ Lφ ,
(17)
where Lφ is the Lagrangian of a scalar field φ with mass
m
Lφ = 1
2
GAB(x, θ) ⋆
(
∂Aφ ⋆ ∂Bφ
)− 1
2
m2 φ ⋆ φ . (18)
Note that the connection, the Ricci tensor and the
energy-momentum tensor are symmetric by exchanging
the indexes A ↔ B. This symmetry is kept at the
commutative limit. More explicitly, the components of
TAB =
(
Tµν , Tµθi , Tθiθj
)
can be written as
Tµν =
1
2
( ∂µφ ⋆ ∂νφ+ ∂νφ ⋆ ∂µφ )− gµν(x) ⋆ Lφ ,
Tµθi =
λ
2
( ∂µφ ⋆ ∂θiφ+ ∂θiφ ⋆ ∂µφ ) , (19)
Tθiθj =
λ2
2
(
∂θiφ ⋆ ∂θjφ+ ∂θjφ ⋆ ∂θiφ
)− δij e− θ
2
i
2λ4 Lφ .
The energy-momentum tensor TAB is covariantly con-
served in DFR space, i.e., it satisfies the continuity equa-
tion with the covariant derivative operator: ∇A ⋆ TAB =
0. The conserved components of energy-momentum ten-
sor are T 0B =
(
T 00 , T 0i , T 0θi
)
, where T 00 is the energy
density, T 0i is the spatial momentum density of the Eu-
clidean space and the component T 0θi can be understood
as the spatial momentum of the scalar field in the extra
θ-dimension. Using the result in Eq. (17), the conserved
momentum component T 0θi is given by
T0θi =
λ
2
(
φ˙ ⋆ ∂θiφ+ ∂θiφ ⋆ φ˙
)
, (20)
which is a component associated with the DFR, and it
goes to zero at the commutative limit λ→ 0. Using the
symmetry of the tensors in Eq. (16), we can verify that
it has 25 non-linear differential equations with correc-
tions in the θij parameter by the Moyal product between
GAB(x, θ) and R. The field equation in Eq. (16) con-
tains the NC Einstein’s tensor in 4D dimensions if we set
A = µ and B = ν.
As an application of this formalism, let us obtain the
wave equation for the spin-2 particle in DFR gravity
structure. The action in Eq. (13) and the field equation
in Eq. (16) are both non-linear and they also contain the
Moyal product series that makes it difficult to deal with
calculations. Hence, we make the weak field approxima-
tion where the metric GAB(x, θ) can be written as
GAB(x, θ) ≃ ΞAB(θ) + κhAB(x, θ) , (21)
where ΞAB(θ) is the metric in Eq. (8), and the symmetric
field hAB has the components
hAB(x, θ) = { hµν(x, θ) , hµθi(x, θ) , hθiθj (x, θ) } . (22)
5We are concerned with the linear terms in the field equa-
tion. It is well known, and it is a direct demonstra-
tion, that under an integral operation, like the one in
Eq. (13), considering only two functions and thanks to
the anti-symmetric property of the θµν parameter, the
Moyal product becomes the usual product of these two
functions. Namely, for more than two functions, this is
not true for any order of θµν , and the Moyal product
must be calculated carefully with all its derivatives until
the desired order in θµν , since θµν is a Planck scale ob-
ject. Thus, we obtain the Ricci tensor and the scalar one
in the first order of hAB(x, θ),
RAB ≃ κ
2
(
∂A∂Bh− ∂A∂ChBC − ∂B∂ChAC +θhAB
)
,
R ≃ κ (θh− ∂A∂BhAB ) , (23)
where θ := ∂A∂
A =  + λ2 ∂ 2
θ
is the extended
D’alembertian operator, and h(x, θ) = h AA (x, θ). As
usual in effective gravity, we choose the harmonic gauge,
in which the hAB field satisfies the Donder gauge condi-
tion ∂Ah = 2 ∂
ChAC . In this gauge condition, we obtain
the wave equation for hAB(x, θ) for the case where we
have no matter fields (TAB = 0), namely,
(
+ λ2 ∂ 2θ
)
hAB(x, θ) = 0 . (24)
This is the wave equation concerning the components of
hAB(x, θ) with the propagation in the θ-space. Note that
the component hµν(x, θ) that represents the spin-2 gravi-
ton propagates in the extra dimension of the NC space.
It would be interesting to investigate the contributions
of this NC space to the gravitational potential. This is
an ongoing research.
IV. CONCLUSIONS
One of the main motivations to investigate NC space-
time field models is that field theories with NC space
and time coordinates give an interesting opportunity to
check the possible breakdown of the standard concept of
time and the well known structure of QM at the Planck
scale. We proposed in this letter a gravitation structure
for the Doplicher, Fredenhagen and Roberts NC frame-
work. The DFR model is a NC approach that includes
the θµν parameter as a coordinate of the system, and
consequently, this formalism includes extra dimensions
on the space-time. To keep a unitary QFT in DFR for-
malism, we have defined θ0i = 0. Thus, we have a space-
like NCY with three extra coordinates, i.e., (θ12, θ13, θ23),
and the DFR space-time has seven dimensions: four from
Minkowski space-time plus three spatial coordinates θ.
The product between fields defined in this space can be
constructed via MW product, which is similar to the
usual NC canonical formalism, where θµν is a constant
parameter.
We suggested a metric tensor for this extended space
with the Minkowski components together with Gaussian
components associated with the weight function W (θ)
defined in the NC action. The commutative limit is re-
covered using the Dirac delta identity in Eq. (9). After
that, we substituted the Minkowski term by the met-
ric gµν(x), defined on a smooth manifold that represents
a NC space-time. Thereby, we constructed a gravita-
tion model with extra spatial dimensions in the DFR ap-
proach. The action and the corresponding field equations
are given by Eqs. (13) and (16), respectively.
As an application of the formalism, we used the linear
approximation in the NC Einstein’s equation where the
wave equation with the propagation in the θ-space is ob-
tained for the components of weak field hAB(x, θ). As a
perspective, the analysis of the action in Eq. (13) as an
effective gravitation model in terms of the field hAB(x, θ)
is an ongoing research that will be published elsewhere.
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